Deriving orbital mechanics equations from Newton’s laws
Requires differential calculus and integration.
Newton’s 2nd Law states that:

Solving this second order differential equation shows the orbital path to be a conic section.
That was Newton’s extraordinary achievement: showing that inverse-square gravity mathematically produces conic sections. 
That connection between geometry, calculus, and physics was one of the greatest intellectual breakthroughs in history and just one of Newton’s great contributions to physics.
To derive the laws of orbital mechanics we must set up the differential equation, prove angular momentum conservation, transform the radial equation, solve it, then extract the standard orbital laws.  The steps are as follows.
1. Start with Newton’s law of gravitation
A small mass, , moves around a large central mass, . The gravitational force is attractive and radial:

Using Newton’s Second Law:

so:


Let 

Then:

This is the fundamental differential equation of orbital motion.
2. Express acceleration in polar coordinates
Because the force is central, the motion lies in a plane. Use polar coordinates (r,ϑ).
The acceleration in polar coordinates is:


Since gravity acts only in the radial direction, the angular component is zero:

3. Derive conservation of angular momentum
Start with:

Multiply by :

But (by product rule) this is exactly:
					
Therefore:

The quantity  never changes during the motion.  That is why planets sweep out equal areas in equal times.
Define this constant as :

This is the specific angular momentum, angular momentum per unit mass.
Because tangential speed is:

we also have:

So:

This is one of the central results of orbital mechanics.
4. Derive Kepler’s Second Law
The area swept out by the radius vector in a small time  is approximately:

Divide by :

But:

Therefore:

Since  is constant, the rate of area sweeping is constant.
So:

That is Kepler’s Second Law, derived from Newton’s law.
5. Derive the radial equation
The radial component of acceleration is:

Newton’s gravitational acceleration gives:

So:

This is the radial differential equation.

6. Change variable to 
To solve the orbit shape, we want  as a function of , not time.
Let:

so:

From angular momentum conservation:

Since :

Therefore:

Now use the chain rule:

Since:

Thus:



Differentiate again with respect to time:

Use the chain rule again:

So:

But:

Therefore:

Also:

Now substitute into the radial equation:

Divide by :

So, the orbit equation becomes the differential equation:



7. Solve the differential equation
We solve:

A constant particular solution is:

The complementary solution of:

is:

So, the general solution is:

By choosing the direction  to point toward periapsis, we can set the sine term to zero. Then:

where  is a constant determined by the initial conditions.
Since:

we get:

Therefore:

Define:

Then:

This is the polar equation of a conic section with the central mass at one focus.
This is the mathematical point where ellipses, parabolas, and hyperbolas emerge from Newton’s inverse-square law.

8. Interpret eccentricity
The orbit equation is:

The value of  determines the conic:

So Newtonian gravity naturally produces the family of conic sections.


9. Derive periapsis and apoapsis
At periapsis, the object is closest to the central body. This occurs at:

Since:

So:

At apoapsis, the object is furthest away. This occurs at:

Since:

So:

For an ellipse, the semi-major axis is half the sum of periapsis and apoapsis:

Substitute:





Therefore:

This gives the important relation:

Also:

10. Derive specific orbital energy
The total mechanical energy is:

Divide by :

This is the specific orbital energy.
Now we derive its relation to .
At periapsis or apoapsis, the radial velocity is zero, so the speed is purely tangential:

because:

At periapsis:

and:

but:

so:

At periapsis:





Since:





Now compute energy at periapsis:









Since:



Therefore:

This is the energy-size relation for an elliptical orbit.

11. Derive vis-viva equation
Start with:



For an ellipse:

So:

Move terms:

Multiply by 2:

So:

and:

This is the vis-viva equation.
It gives the speed anywhere on the orbit.

12. Derive circular orbital speed
For a circular orbit:



Use the vis-viva equation:



Therefore:

Alternatively, directly:

Cancel :





13. Derive escape velocity
Escape means the object reaches infinity with zero leftover speed.
At infinity:

so:

and if the final speed is zero:

Set:

Then:



Therefore:

Notice:

because:

and:



14. Derive Kepler’s Third Law
For an ellipse, the area is:

where:

So:

The areal velocity is constant:

Therefore, one full period satisfies:





Now:

and:

so:

Substitute into :

Cancel:



So:

Squaring:

Since:



This is Kepler’s Third Law in Newtonian form.




15. Summary of the core equations derived
From Newton’s inverse-square law, calculus gives:
























The big picture
Calculus enters because Newton’s law gives an acceleration:

So, the orbit is found by solving a second-order differential equation.
The astonishing result is that the solution is not arbitrary. It is always a conic section:
· circle 
· ellipse 
· parabola 
· hyperbola 
So, the deep logic is:

That is the central mathematical achievement of Newtonian orbital mechanics.
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